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NON-NEWTONIAN- USER MANUAL

Introduction
At very high solid concentrations fluids begin to depart from some of the basic hydraulic
assumptions in HEC-RAS. In particular, post-wildfire storm events and mine-tailing dam
breaches tend to carry enough sediment and other solids to change the flow physics and
make the “Newtonian” fluid assumptions used throughout HEC-RAS inappropriate. The Mud
and Debris module in HEC-RAS uses DebrisLib (Floyd et al., 2019) to account for internal
losses that affect these high-concentration flows, and applies non-Newtonian models in
HEC-RAS.
There are a range of approaches to simulating non-Newtonian fluids including single-phase
and multi-phase approaches. The current capabilities in HEC-RAS use single phase
approaches, which model fluid behavior with rheological models (i.e. stress-strain
relationships).

Incorporating Non-Newtonian Effects into the Hydraulic Equations
The Technical Reference Manual includes a detailed description of how the non-Newtonian
terms fit into the unsteady flow equations in HEC-RAS. But the basic idea is that HEC-RAS
adds an additional dimensionless “loss slope” to the friction slope that calculates friction
losses in the Newtonian momentum equation in HEC-RAS.
The momentum equation is:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

+ 𝑔𝑔𝑔𝑔 � + 𝑆𝑆𝑓𝑓 � = 0
𝜕𝜕𝜕𝜕

(where Sf stands in for all of the dimensionless loss “slopes” in Newtonian simulations
including expansion and contraction and wind). The single-phase approach to mud and
debris flow, simply adds another dimensionless loss slope, a mud and debris slope (SMD):

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+

𝜕𝜕𝜕𝜕
+ 𝑔𝑔𝑔𝑔 � + 𝑆𝑆𝑓𝑓 + 𝑆𝑆𝑀𝑀𝑀𝑀 � = 0
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕

Casting the non-Newtonian effects as a “friction” slope is the mathematical move that allows
us to import rheological 1 theory into the momentum equation, because we can connect this
term to the expected stress-strain behavior of different materials.

1
“Rheology” is simply the study of how materials deform under stress. Here it is just short
hand for “theoretical stress-strain relationships” like those in the right column of Figure 1-4.
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The equation for shear stress is:

Where

𝜏𝜏 = 𝛾𝛾𝛾𝛾𝑆𝑆𝑓𝑓

γ is the unit weight of the fluid, R is the hydraulic radius and Sf is the friction slope.

Therefore, the friction slope can be expressed as a function of the shear and two known or
specified variables:

𝑆𝑆𝑓𝑓 =

𝜏𝜏
𝛾𝛾𝛾𝛾

We can compute the Mud and Debris slope the same way, so it is proportional to an internal
shear stress (by the ratio of variables known or specified in the model):

𝑆𝑆𝑀𝑀𝑀𝑀

𝜏𝜏𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
=
𝛾𝛾𝛾𝛾

If we can express the internal losses of the fluid in terms of an internal shear stress, we can
incorporate those effects into the momentum equation in HEC-RAS. These shear stresses
come from Rheological models.

Rheology (Stress-Strain Relationships) of Non-Newtonian Fluids
Rheology is the study of how materials deform under stress. So “rheological models” are
often expresses as simple relationships between stress and strain. Standard hydraulic
models already assume a rheological model for hydrodynamic simulations. They assume
that water begins to “deform” (movement or strain) under any stress (zero intercept on the
stress-strain relationship), the strain increases linearly with the stress, and the water
viscocity is the ratio between stress and strain (Figure 1-1a – left). These are the
assumptions of “Newtonian” flow.

Figure 1-1: Rheological models used to simulate (a) clear water and (b,c) mud and debris flows.
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When fluids diverge from these assumptions including a non-zero stress-strain intercept
(Figure 1-1b – center) or a non-linear stress-strain relationship, or both (Figure 1-1b –
right).

Taxonomy of Mud and Debris Flows
These high-concentration flows do not all depart from the Newtonian assumptions in the
same way. As concentration increases, and particle interactions become more important to
the fluid energy losses. But the size of the solids also affects the rheological properties of
the fluid. Because of this complexity, the categories and taxonomy of natural and
anthropogenic non-Newtonian flows can be confusing. The interacting effects of
concentration and grain size are both captured in the taxonomies in Different practitioners
and agencies might use the terms “debris flow,” “mud flow,” Hyperconcentrated flow,” “land
slide” and “avalanche” to refer to different and overlapping processes.

Figure 1-2: Coussot and Meunier's (1986) taxonomy of Geologic flows.

v
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Figure 1-3: Data sets used to test the HEC-RAS non-Newtonian model plotted on a modified verison of the Philip and
Davies (1991) taxonomy (from Gibson et al., 2020 in revision).

Because the geophysical flows we would like to model with HEC-RAS have different
rheological properties and classifications, HEC-RAS follows the taxonomy in DebrisLib 2 which
is laid out in Figure 1-4 (also see Figure 2-1). As the sediment load increases and gets
coarser, the flow transitions from Newtonian, to hperconcetrated, mud, debris, and finally
clastic “flows”. The rheological models also progress from Newtonian, to Bingham (linear
with a Yield Stress) to various non-linear models, and finally as the dominant internal loss
process transitions from inter-particle collisions to inter-particle friction, DebrisLib includes
geotechnical approaches to account for those processes.

2
DebrisLib is a non-Newtonian, mud and debris flow library that HEC developed jointly with
ERDC-CHL. Most USACE models including HEC-RAS, HEC-HMS, ADH,

vi
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Figure 1-4: Non-Newtonian flow taxonomy, with the rheological models and equations used to model them (from
Gibson et al., 2020 in revision).
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Non-Newtonian Transport Editor
HEC-RAS can incorporate non-Newtonian effects in any unsteady flow simulation including
1D or 2D. But the current version of HEC-RAS does not include non-Newtonian effects in
steady or quasi-unsteady flow.
Therefore, the non-Newtonian editor is an Option in the Unsteady flow editor.

Figure 1-5: Select the Non-Newtonian Editor from the Unsteady Flow Options Menu.

viii
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Figure 1-6: HEC-RAS Non-Newtonian editor.

Non-Newtonian Methods
The terms, variables, and parameters on the non-Newtonian editor change based on the
method selected. Select the Non-Newtonian Method first to activate the appropriate
fields and methods associated with that option. The default method is Newtonian
Assumptions which means that HEC-RAS uses the standard “clear water” equations and
does not apply any Non-Newtonian methods.
The current version of HEC-RAS includes five additional methods:

Figure 1-7: Non-Newtonian methods available in

ix
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The Bingham equation is often applied to Hyperconcentrated flows and mud flows. In
theory, these lower concentration flows fit the linear model better. However, its relatively
simple formulation makes it easier to calibrate. Fewer free parameters make it less
vulnerable to equifinality issues. So it has been applied successfully to higher-concentration
debris flows in laboratory and field applications.
The Bingham model only requires two user inputs: the yield strength (the intercept of the
stress-strain relationship) and the sediment laden viscosity (the slope of the stress-strain
relationship). The options for these are described in the Yield and viscosity sections below.

Figure 1-8: The Bingham model has two parameters in the Non-Newtonian interface.

The O’Brien equation uses a quadratic model to add non-linear impacts of particle collision
and turbulence to the linear yield and viscosity terms in the Bingham model. It is not as
flexible as Herschel-Bulkley. The non-linear effects are always a function of the square of
strain, so they are always strong shear-thickening effects. But the O’Brien model is easier
to parameterize than Herschel-Bulkley. The O’Brien equation uses physical values to
develop theoretical quadratic effects. The liability of this approach is that if the theoretical
formulation does not reflect the processes in the geophysical flow, it will introduce errors.
But the benefit of this physical-theoretical approach is that all of the inputs in the non-linear
terms are physical parameters that are either default or relatively intuitive for the user to
specify.
In addition to the yield stress 3 and sediment laden viscosity that are required for the
Bingham model, the O’Brien model only requires the volumetric concentration (which is

Gibson et al. (2020 in revision) demonstrated that lower yield and viscosity values are
often appropriate for the O’Brien approach when compared to Bingham because the O’Brien
3
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already required for bulking and for some yeild and viscosity estimates) and a
representative grain size. HEC-RAS has also exposed the default maximum volumetric
concentration in O’Brien’s Bagnold term (0.615 or 61.5%). This term is ok for lower
concentration flows (Cv<50%). But as concentration approaches or exceeds this theoretical
maximum (see discussion associated with this input below) users should increase it to make
it larger than the volumetric concentration.

Figure 1-9: User defined parameters of the quadratic O'Brien equation, and their location in the Non-Newtonian
interface.

equation is explicitly accounting for processes in the quadratic term that Bingham is lumping
into the linear parameters.
xi
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Hershel-Bulkley is a flexible, relatively simple, but highly empirical approach. It allows a
wide range of non-linear rheological approaches with a fairly simple formulation. However,
estimating these terms can be very difficult outside of a laboratory (see discussion of these
terms below).

Figure 1-10: User parameters of the Herschel-Bulkley in the Non-Newtonian interface.

Like Bingham and the O’Brien quadratic models, Hershel Bulkley has a yield stress. This
yield stress has the same units and methods as the other models so it is specified in the
same Shear Components location as the other models. However, the coefficient in front
of the strain is no longer a simple Mixture Dynamic Viscosity. Because Herschel-Bulkley
raises the strain to a power, the units of the coefficient diverge from the simple viscosity
units for any power other than 1. Therefore, if n≠1, K is not a physical viscosity, but just
an empirical coefficient of the power function. It is not appropriate to use the viscosity
equations for this coefficient. Therefore if users select the Generalized Herschel-Bulkley
method the Mixture Dynamic Viscosity options become unavailable, and the HerschelBulkely terms become active.
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Concentration
Volumetric concentration is the first variable the user must estimate. Most of the nonNewtonian models are very sensitive to the volumetric concentration. Some of the other
parameters can even be estimated with empirical equations with concentration in the
exponent, making results even more sensitive to this variable. Enter the volumetric
concentration in percent at the top of the Non-Newtonian editor.

The following sections describe how to compute the volumetric concentration from other
concentration measurements and a few methods to estimate this variable.

Figure 1-11: User defined volumetric concentration of solids.

Warning: One of the most common errors in this editor is defining volumetric concentration
as a decimal instead of a percent. For example, in Figure 1-11, defining
concentration as 0.692 would register as less than 1% solids, which would produce
almost no debris flow effects.

There are several different ways to report concentration. At low concentrations, like those
encountered in almost all natural, fluvial, sediment transport conditions, the different
concentration conventions are close enough that practitioners use them interchangeably and
often without distinction. But as the solid fraction of geophysical and hyperconcentrated
flows increases, the difference between the specific gravity of sediment and water makes
concentration by mass, volumetric concentration, and parts per-million (ppm) diverge.
Concentration by weight (Cw) is greater than volumetric concentration (Cw) because soil is
denser than water. Table 1-1 (after a table in Julian 2010) demonstrates how the four
primary concentration conventions interact (with the total mixture density) as the solid
content increases.

4
We are working on a time-series of concentration and, eventually, more sophisticated
methods for routing concentration through the model.
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Table 1-1: Equivalent concentrations and fluid densities (after Julian 2010).

Volumetric Concetraion
Concetration by Weight
C v (%)
0.01%
0.05%
0.10%
0.25%
0.50%
0.75%
1.00%
2.5%

C w (%)
0.03%
0.13%
0.26%
0.66%
1.31%
2.0%
2.6%
6.4%

5.0%
7.5%
10.0%
25.0%
50.0%
75.0%
100.0%

12.2%
17.7%
22.7%
46.9%
72.6%
88.8%
100.0%

Parts per
Million

Concentration
mg/L

C ppm (ppm)
Cmg/L (mg/L)
265
265
1,324
1,325
2,645
2,650
6,598
6,625
13,141
13,250
19,632
19,875
26,069
26,500
63,625
66,250
Hyperconcentration
122,401
132,500
176,863
198,750
227,467
265,000
469,027
662,500
726,027
1,325,000
888,268
1,987,500
1,000,000
2,650,000

Density of
Mixture
ρ mixture (kg/m3)
1,000
1,001
1,002
1,004
1,008
1,012
1,017
1,041
1,083
1,124
1,165
1,413
1,825
2,238
2,650

At low concentrations (<5%) the differences yields trivial divergence between ppm and
mg/L. For example, at Cv=5%, Cw is 12.2%, but the concentration in ppm and mg/L units
only differ by about 8%. However, when the half of the volume of the mixture is solid, 73%
of the weight is solid, and the Cmg/L is almost twice the ppm.

Figure 1-12: Four different concentration conventions for a mixture that is half solids by volume (e.g. it is >70% solids
by weight because of the higher density of solid particles).

The conversion between concentration by weight and parts-per million is the simplest
conceptually. Cppm is six orders of magnitude greater than Cw (or Cppm=106Cw).

Equations for converting (Julian, 2010) between Cv and Cw are:
xiv
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Figure 1-13: Relationship between volumetric concentration (Cv - left) and concentration by weight (Cw - right) and the
corresponding concentrations in mg/L and ppm.

𝐶𝐶𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =

𝐶𝐶𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑡𝑡

𝑠𝑠𝑠𝑠−(𝑠𝑠𝑠𝑠−1)𝐶𝐶𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑡𝑡

𝐶𝐶𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑡𝑡 =

𝑠𝑠𝑠𝑠∙𝐶𝐶𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣

1+(𝑠𝑠𝑠𝑠−1)𝐶𝐶𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣

where sg is the specific gravity of the solid (2.65 assumed). Therefore, the concentration
by weight for a mixture that is half solid by volume is:

𝑪𝑪𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 =

𝟐𝟐. 𝟔𝟔𝟔𝟔 ∗ 𝟓𝟓𝟓𝟓%
= 𝟕𝟕𝟕𝟕%
𝟏𝟏 + (𝟐𝟐. 𝟔𝟔𝟔𝟔 − 𝟏𝟏)𝟓𝟓𝟓𝟓%

A mixture cannot have more than one-million parts per million, but the maximum mg/L
concentration is 2,650,000 mg/L. Both of these end cases are solid rock.

Because there are at least four concentration conventions, 5 these concentrations vary
dramatically for non-Newtonian mixtures, and the non-Newtonian equations are very
sensitive to concentrations, it is critical that users identify or compute the Volumetric
Concentration to input into HEC-RAS (Figure 1-11). To help users and project teams
navigate the concentration options, HEC-RAS includes a Concentration Conversion
Calculator. Press the button labeled Convert Conc to launch the Concentration
Conversion Calculator.

There are actually more, because “concentration” is often embedded in various density
conventions (e.g. density of the solids or density of the mixture), or water content.

5
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Figure 1-14: Launch the concentration calculator by pushing the Convert Conc button.

The Concentration Conversion Calculator requires three inputs. The Concentration the
input concentration convention (users can choose from five options) and the specific gravity
of the solids (default = 2.65). Specify these three inputs and press Compute. The
calculator will generate the concentrations in Cv, Cw, w 6, mg/L and ppm.

Figure 1-15: Concentration calculator results, computing the other concentration conventions for mixtures that are
half solids by volume (left) and half solids by weight (right).

Estimating the volumetric concentration of a mud or debris flow is difficult, but there are a
couple major approaches. For forensic analysis, estimating the total deposits and pass
through load yields the total mass transported, which can be distributed over a hydrograph
to compute a concentration. The total deposits can be calculated by comparing pre-event
and post-event LiDAR or by inferring the mass of the deposits from maintenance records.
For predictive models, there are several regression equations that estimate post-wildfire
debris yields and estimating the volume of solids in a mine tailings impoundment and
making credible assumptions about the volume of those solids that would be mobilized, the
flow that would mobilize them, and how the solids would be distributed over the
hydrograph, will help modelers estimate an approximate Cv.
Modeling Note: The post-wildfire debris load equations are included in the recent release
version of HEC-HMS.

Water content by weight. Note, the equation for water content by weight from Julian
(2010) (w=(1-Cv)/sg Cv) is only useful for significantly hyperconcentrated mixtures. It
reports water contents above 100% for lower concentrations, and the calculator caps these
at 100%.
6
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Bulking Options
At high concentrations the solid component has a significant effect on the volume of the
mixture. This can confound flow conventions if users and modeling teams are not careful.
There are two main ways of incorporating solid volume into mud and debris models, and
users should select the appropriate approach under Select Bulking Method to reflect that
decision.

Incorporate Volume of Solids in Flow Data (Do Not Bulk)
One way to account for the volume of the solids is to include it in the flow. With this
approach, the flow (Volume/Time) is the flux of the mixture. This will be a common
approach for measured flows, because field measurements (or estimates) will not separate
the fluid and solid components. If the flows include the total volume of the mixture, the
mud and debris calculations should not bulk them. Increasing the volume based on the
concentration would double count the influence of the solids.

Figure 1-16: If the volume of the solids is included in the flow data, the debris model should not use the concentration
to bulk the flow.

The model still requires a concentration for the non-Newtonian equations. But if the flow
includes the volume of the solids, select Do Not Bulk under Select Bulking Methods.
Modeling Note: Volumetric Concentration is often a calibration parameter (because it is
often uncertain and sensitive). However, the result will be less sensitive to
Cv if the volume is incorporated in the flow, rather than computed from Cv
and a base water flow.

Add Solid Volume to Water Flow Data (Bulk Fluid Volume)
In the second approach users define only the water flow in the unsteady flow file, and then
HEC-RAS adds the volume of the solids during the non-Newtonian simulation. This
approach is common if the flows come from a hydrologic model (or a runoff model like HECHMS that computes separate hydrographs and sedigraphs), if Cv is a calibration parameter,
or if the modeling team wants to quantify the effect of the mud or debris (by comparing the
result to a clear water flow with the same flow file).

Figure 1-17: If the HEC-RAS flow file only includes the volume of the water, the mud and debris calculation should
increase the volume of the flow to account for the volume of the solids.

If the flow data only account for the water, select Bulk Fluid Volume under Select
Bulking Method. HEC-RAS will increase the volume of the boundary flows to account for
the solid components based on the user-specified volumetric concentration using the
relationship describe in the Bulking section of the Technical Reference Manual.
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All of the linear and non-linear rheological models require a yield stress. Mathematically,
the yield stress is the y-axis intercept of the stress-strain relationship. Conceptually, it is
the range of stresses over which the mixture does not move.

Figure 1-18: All of the non-geotechnical rheological models have a yield strength (τy) term.

Figure 1-19: Yield stress is the intercept (ty) of the stress-strain relationships. Newtonian fluids like water do not have
internal strength so they do not have a yield strength (i.e. there is no, non-zero stress at which they are
at rest or do not deform).

This is one of the important differences between Newtonian and Non-Newtonian fluids.
Newtonian fluids have a zero stress-strain intercept, which just means that they deform
(move) at under the slightest stress. Water has no internal strength, so very small stresses
move it. It is only at rest under no-stress conditions.
Non-Newtonian mixtures often have internal strength, however. They resist motion under a
range of stresses. The driving forces have to exceed this internal strength before the
material moves (deforms or strains). The rheological models account for this with a Yield
Strength. This y-intercept in the stress-strain relationship is a motion threshold. As long as
τ<τy the fluid is at rest.
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This yield strength drives one of the most important processes in mud and debris flows that
Newtonian models cannot simulate: run out. Water will flow downslope indefinitely. Even if
flow attenuates and slope decreases, as long as the flow has some slope or momentum it
will stay in motion. Mud and debris flows can come to rest, even on a relatively steep slope.
As driving forces decrease, the strength of the particle interactions can exceed the stress of
the slope and momentum of the fluid, causing it to stop or “run out.” The Yield Strength
drives this process.
Yield stress is difficult to measure. Laboratory measurements like tilt tests can estimate
yield strength when solid particles are small enough to sample and if the fluid can be
sampled or reconstituted. But sampling mud and debris flows is difficult and modelers have
to make some assumptions in predictive models. Therefore, HEC-RAS includes three
approaches to Yield Strength.

Exponential
Because direct measurements of yield strength are rare, the Exponential empirical method
is the default approach. Several researchers have found that yield strength is an
exponential function of the volumetric concentration. Therefore, the Exponential method
incorporates two empirical parameters into an exponential function of the volumetric
concentration:

𝜏𝜏𝑦𝑦 = 𝑎𝑎𝑒𝑒𝑏𝑏𝐶𝐶𝑣𝑣

where 𝑎𝑎 and 𝑏𝑏 are calibration coefficients, and 𝐶𝐶𝑣𝑣 volumetric concentration between 0 and 1.

Figure 1-20: The exponential equation for yield strength embed two empirical coefficients in an exponential function
of volumetric concentration.

O’Brien and Julian published values for these empirical parameters. These coefficients vary
widely, so they are often calibration parameters. But these values can serve as a starting
point for a calibration.
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Table 1-2: Yield stress parameters for the O'Brian equation from Julian (1995)
Material

a (Pa)

b

“Typical soil”

0.005

7.5

Kaolinite

0.05

9

Sensitive Clays

0.03

10

0.002

100

Bentonite

User Yield
The user specified Yield Strength is the most direct way to input the yield strength. Just
select User Yield and define the Yield Strength (in Pa – the initial release of the NonNewtonian editor uses SI units but is compatible with SI and US customary simulations).

Figure 1-21: Define the yield strength directly with the User Yield method.

Use Coulomb
In the rheological models the yeild stress is – conceptually - an internal property of the
single-phase fluid mixture. However, there is another way to think about Yield and runout.
As the concentration increases (or as the mixture dewaters) the particle interactions
transition from collision to inter-particle friction (Figure 1-4 and Figure 2-4). In this
transition from collision to friction, the dominant processes transition from fluid mechanics
to geotechnical processes. The third approach to yield strength takes this approach.
Selecting Coulomb under Yield Strength activates the Coulomb model under Clastic
Methods even if a Rheological model (i.e. Bingham, O’Brien, HB) is selected for the NonNewtonian Method. In this mode, HEC-RAS will use geotechnical Coulomb theory to
compute a Yield Strength (τy) in the rheological model. With this approach, the Yield
Strength will be the stress required to initiate motion along the friction plane.
This approach differs from selecting Clastic Methods and Coulomb because applying the
Coulomb approach as a clastic method only considers the geotechnical threshold stress.
Selecting Coulomb as a Yield Strength method in conjunction with the Rheological NonNewtonian methods (i.e. Bingham, O’Brien, HB) uses the Coulomb method to compute the
threshold of motion by using it for yield stress (τy in each equation in Figure 1-18) but then
adds the viscous and/or non-linear components.
The Coulomb method requires a friction angel to compute the threshold of motion.

xx

Appendix C- HEC-RAS Output Variables

Figure 1-22: Selecting the Coulomb method for Yield Strength makes the Coulomb approach available under Clastic
Methods, but uses this geotechnical threshold of motion as the Yield Strength of the Rheological method
selected.

The Mixture Dynamic Viscosity (sometimes called the “Sediment Laden Viscosity”) is the
viscosity of the mixture. HEC-RAS and DebrisLib use “single phase” models to simulate
mud and debris flows. Single phase models do not compute separate fluid and solid
mechanics. They assume that the mixture is a homogeneous fluid. Single phase models
account for the impacts of the solid fraction by changing the properties of the fluid,
including the viscosity.
Two of the rheological models incorporate the impact of the solids, in part, by using a
Mixture Dynamic Viscosity, which is the apparent viscosity of the mixture, including the
influence of the solid phase on the liquid phase. Mud and debris flows are more viscous
than water. The Mixture Dynamic Viscosity includes the impacts of the solid phase on
the stress-strain relationship of the mixture. In the Bingham model (Figure 1-8) this
mixture viscosity is the slope of the stress-strain relationship and the O’Brien methods adds
quadratic terms for other processes, but still uses a Mixture Dynamic Viscosity to
compute linear, internal, viscous losses.
HEC-RAS includes four methods to compute the Mixture Dynamic Viscosity. These are
described in detail in the Technical Reference Manual. The four methods include:
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Figure 1-23: Methods available to compute sediment laden viscosity.

Maron and Pierce

Figure 1-24: Maron and Pierce is the default Dynamic Viscosity which does not require a user input but does make
the Max Cv field editable and will use this value in the analysis.

Exponential

Figure 1-25: Exponential viscosity method. B is a multiplier of Cv in the exponent.
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𝜇𝜇𝑚𝑚 = 𝜇𝜇𝑤𝑤 𝑒𝑒𝐵𝐵𝐶𝐶𝑣𝑣

Common values for B are include in Table 1-3

Table 1-3: Coefficients for the viscosity exponential multiplier for different soil types from Julian (1995).
Material

B

“Typical soil”

8

Kaolinite

8

Sensitive Clays

5

Bentonite

100

User Defined Mixture Dynamic Viscosity

Figure 1-26: User Defined Mixture Dynamic Viscosity.
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User Visc Ratio

Figure 1-27: Choose the Water Temperature Option to define temperature time series.

Mud and debris flows are usually rapid events, so seasonal temperature changes (like the
one in the do not tend to affect the simulations. However, users can define a new, nondefault, constant temperature time series editor or use more detailed mixture temperature
data if available.
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Figure 1-28: Overriding the default water temperature with a new "constant" temperature in the temperature time
series editor.
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Figure 1-29: Representative grain size - Only used in the O'Brien Equation.
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Figure 1-30: Max Cv option becomes available when the O'Brien Equation is selected. In this case the Cv is greater
than the default max (61.5%). Therefore, the Max Cv was increased to a max debris flow
concentration from a literature review.

7
Engineers and geologists (unhelpfully) use opposite conventions to describe particle size distributions. Uniform
distributions with very little particle-size diversity are poorly graded (in geotechnical terminology) and well sorted
(in geologic terminology). Debris flows tend to be extreme examples of the opposite phenomenon, porous media
that include a wide range of particle sizes. Soil and sediment that include significant components of a wide variety
of grain classes are well graded or poorly sorted.
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The Herschel-Bulkley method is a two-term non-linear approach to mud and debris
rheology. This method raises the strain to a user-selected power, which can be greater or
less than 1. Unlike the Bingham method that raises strain to the power of 1 or O’Brien that
uses a quadratic (raising strain to the powers of 1 and 2) Herschel-Bulkley can raise strain
to non-integer powers greater or less than 1.

Figure 1-31: Changing the power in the Herschel-Bulckley model to simulate shear thickening (n>1), a Bingham
Plastic (n=1), and shear thinning (n<1)

This flexibility allows users to define a range of non-linear stress-strain relationships
including shear-thickening and shear-thinning rheologies. A shear-thinning mixture
becomes easier to deform under higher stresses. A shear-thinning viscosity decreases as
stress increases. As shear stress increases, the rate of strain increases non-linearly, so
each increment of additional stress causes more strain than the previous increment.8 The
“shear-thinning” terminology illustrates this relationship. As shear increases, the material
“thins” or becomes easier to strain. The Herschel-Bulkley model simulates shear thinning
relationships by raising strain to a power less than one (n<1).

8 Increased viscosity at higher shear stresses essentially means that the slope of the stressstrain relationship increases with stress, which can be confusing with plots like Figure 1-31
(or most of the rheological plots in this document with strain on the x-axis). Because depth
and velocity are model results, and DebrisLib uses them to compute an internal stress, the
numerical model considers strain the independent variable and stress the dependent
variable. But stress is the independent variable in physical deformation, so shear thinning
and thickening responses are inverted in these plots (e.g. the slope of the strain-stress
curves decrease at higher strains for shear thinning).
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Shear-thickening materials get more viscous under higher stresses. Stress has a negative
feedback on strain, making the material more difficult to deform. The Herschel-Bulkely
model simulates shear-thickening by raising strain to a power greater than 1 (n>1). 9
Setting the power of Herschel-Bulkley to one (n=1) collapses the model to the Bingham
approach, because a linear stress-strain relationship with a yield stress is the definition of a
Bingham Plastic.
The Herschel-Bulkely model requires three parameters:
The Yield Stress in Herschel-Bulkley is the same as the previous methods, and can be
computed with the same options. But the linear parameter in front of the Strain term is
loses its viscosity units if strain is raised to a power other than 1. Therefore, K is no-longer
viscosity when Herschel-Bulkley diverges from the Bingham model (n≠1). Both K and n are
empirical user parameters.
Figure 1-32 includes screen shots of shear-thickening and shear-thinning simulations
(Gibson et al., in revision) of Parsons et al’s (2000) experiments that displayed these
processes.

The O’Brien Quadratic is a de-facto shear thickening model because it includes squared
strain terms (n=2  n>1).

9
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Figure 1-32: Herschel-Bulkley simulations (from Gibson et al. in revision) of shear-thickening and shear-thinning
laboratory experiments from Parsons et al. (2000).
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MUD AND DEBRIS FLOWS: NON-NEWTONIANTECHNICAL REFERENCE

Introduction
In Newtonian fluids the relationship between shear rate and shear stress is linear and
passes though the origin. Non-Newtonian fluids have a shear rate vs shear stress
relationship which can be nonlinear and/or does not pass though the origin. A wide range
natural flows present non-Newtonian properties including mudflows, debris flows, lahars,
and snow avalanches. The USACE has well established hydraulic hydrologic tools for
simulating Newtonian flows but the tools available for non-Newtonian flows are quite
limited. Hyperconcentated flows present physical present properties between clear-water
and solid mass movements which complicate their computational modeling.
Hyperconcentrations range from approximately 5-60%.
Most hydraulic and sediment transport simulations assume that the transporting fluid has
“Newtonian” properties.
A Newtonian Fluid has two properties,
1) a linear stress-strain relationship and
2) a zero stress-strain intercept.
This assumption appropriate for most fluids, including sediment laden fluids with volumetric
concentrations up to 30%. However, as sediment concentrations increase, they begin to
affect the fluid properties, which alter the stress-strain relationship. There are many
constitutive equations describing the shear-strain relationship in literature which have had
some degree of success for different situations. However, due to the complex nature of the
fluid-solid mixtures, these equations and their parameters have a large degree of
uncertainty.
The mathematical models used to simulate non-Newtonian flows may be classified as singleand two-phase models. Single-phase models describe the properties of the mixture and
solve conservation equations for the mixture (e.g. Hergarten and Robl 2015; Hunger and
McDougall 2009). Two-phase models consider the fluid and solid phases of the mixture and
solve conservation equations for both the mixture and each phase (e.g. Bozhinskiy and
Nazarov 200; Iverson and Denlinger 2001). The mathematical approaches developed in
HEC-RAS follow a single-phase approach.

Bulking Factor
Historically, the available and practical use of non-Newtonian modeling tools has been
limited in engineering practice. The way in which hyperconcentrations have been accounted
for in engineer design of for example detention basins is by increasing or bulking the flow
hydrograph. The Bulking Factor (𝐵𝐵𝐵𝐵) is computed as
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𝐵𝐵𝐵𝐵 =

1
1 − 𝐶𝐶𝑣𝑣

where 𝐶𝐶𝑣𝑣 is the sediment concentration by volume. Therefore assuming an average volume
concentration of 50% leads to a BF of 2. The advantage of the Bulking Factor is its
simplicity. When utilizing the Bulking Factor solely for design it is also good practice to
increase the friction energy loses by increasing the bottom roughness to account for
additional internal friction and increasing the turbulent eddy viscosity to account for the
increased horizontal transfer of momentum.

Non-Newtonian Flow Equations
1D Saint-Venant Equations
Most clear water hydraulic models compute the boundary friction force with a quasiempirical formula that accounts for channel roughness, like the Manning’s equation (SI
units):

𝑄𝑄 =

𝐴𝐴𝑅𝑅2/3 1/2
𝑆𝑆𝑓𝑓
𝑛𝑛

The momentum equation incorporates this force by incorporating the dimensionless friction
slope (Sf):

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑔𝑔𝑔𝑔 �

Where Sf comes from the Manning equation:

𝑆𝑆𝑓𝑓 =

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

+ 𝑆𝑆𝑓𝑓 � = 0

𝑄𝑄2 𝑛𝑛2

𝑅𝑅4/3 𝐴𝐴2

Representing empirical resisting forces as additive, dimensionless slopes allows developers
to include additional forces that can collapse to one of these representative slopes. So,
HEC-RAS includes unsteady contraction-expansion losses (SCE) and wind forces (SW) by
including them as additive slopes in the momentum equation. Likewise, the Debris Library
computes internal fluid forces in mud and debris flows as a new slope term (SMD) that HECRAS, AdH, and GESSHA can incorporate into their momentum equation solutions:

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+

𝜕𝜕(𝑄𝑄𝑄𝑄)
𝜕𝜕𝜕𝜕

+ 𝑔𝑔𝑔𝑔 �

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

+ 𝑆𝑆𝑓𝑓 + 𝑆𝑆𝐶𝐶𝐶𝐶 + 𝑆𝑆𝑊𝑊 + 𝑆𝑆𝑀𝑀𝑀𝑀 � = 0
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While the bed exerts a force on the fluid, the fluid also exerts a force on the bed. The bed
shear stress is another way of describing the momentum exchange at the fluid boundary.
Likewise, the internal forces can also be expressed as stresses. Thinking of these forces as
stresses is useful because mud and debris flows depart from the relatively trivial stressstrain assumptions embedded in the clear water flow equations. Depending on the
concentration and grain size, the Debris Library will assign a stress-strain model to the fluid
and will compute internal shear stresses for the different internal resisting forces.
The library will then convert these internal shears into the mud and debris slope (𝑆𝑆𝑀𝑀𝑀𝑀 ) to
integrate these resisting process in the momentum equation by back calculating the slope
from the shear:

𝑆𝑆𝑀𝑀𝑀𝑀 =

𝜏𝜏𝑀𝑀𝑀𝑀
𝛾𝛾𝑚𝑚 𝑅𝑅

Therefore, the mud and debris algorithms will identify the appropriate internal forces in the
fluid, identify the appropriate stress-strain model for the fluid, compute an internal shear
associated with these processes (𝜏𝜏𝑀𝑀𝑀𝑀 ), and return as single mud and debris slope (𝑆𝑆𝑀𝑀𝑀𝑀 ) that
can integrate these forces into the momentum equation.

2D Shallow Water Equations
The depth-averaged Shallow Water Equations (SWE) model solves volume and momentum
conservation equations and includes temporal and spatial accelerations as well as horizontal
mixing while the DWE model ignores these processes but is therefore simpler and more
computationally efficient. The 2D volume conservation of the water-solid mixture is given
by:

𝜕𝜕𝜕𝜕
+ ∇ ∙ (ℎ𝑉𝑉) = 𝑞𝑞
𝜕𝜕𝜕𝜕

where 𝜂𝜂 is the flow surface elevation, 𝑡𝑡 is time, ℎ is the water depth, 𝑉𝑉 is the velocity vector,
and 𝑞𝑞 is a source or sink term, to account for external and internal fluxes. The depthaveraged momentum conservation equations may be written as (Hergarten and Robl,
2015):

1
𝜏𝜏 cos𝜓𝜓 𝑉𝑉
𝜕𝜕𝜕𝜕
+ (𝑉𝑉 ∙ ∇)𝑉𝑉 = −𝑔𝑔cos2 𝜑𝜑∇𝜂𝜂 + ∇ ∙ (𝑣𝑣𝑡𝑡 ℎ∇𝑉𝑉 ) −
ℎ
𝜌𝜌𝑚𝑚 𝑅𝑅 cos𝜑𝜑 |𝑉𝑉 |
𝜕𝜕𝜕𝜕

in which 𝑔𝑔 is the gravitational acceleration, 𝑣𝑣𝑡𝑡 is a turbulent eddy viscosity, 𝜏𝜏 is the total
basal stress, 𝜌𝜌𝑚𝑚 is the water-solid mixture density, 𝑅𝑅 is the hydraulic radius, |𝑉𝑉| is the
magnitude of the velocity vector, 𝜑𝜑 is the water surface slope, and 𝜓𝜓 is the inclination angle
of the current velocity direction. In the above equations, the second term on the right-handside represents the horizontal mixing due to turbulence and also in the case of a debris flow,
horizontal mixing due to particle collisions. Utilizing the conservative form of the mixing
terms is essential for accurate momentum conservation. The bottom friction coefficient is
computed utilizing the Manning’s roughness coefficient as

𝜏𝜏 = 𝜏𝜏𝑡𝑡 + 𝜏𝜏𝑀𝑀𝑀𝑀
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where 𝜏𝜏𝑡𝑡 is the turbulent stress and 𝜏𝜏𝑀𝑀𝑀𝑀 is the mud and debris stress which includes all
non-Newtonian stresses. The turbulence bottom shear stress is computed as a function
of the Manning’s roughness coefficient

𝜏𝜏𝑡𝑡 = 𝜌𝜌𝑚𝑚 𝐶𝐶𝑑𝑑 |𝑉𝑉|2
𝑔𝑔𝑛𝑛2
𝐶𝐶𝑑𝑑 = 1/3
𝑅𝑅

where 𝜌𝜌𝑚𝑚 is the density water-particle mixture and 𝑛𝑛 is the Manning’s roughness coefficient.
The mud and debris stress is described in detail in the section “Rheological Models”.
When the non-Newtonian stress is equal to zero and the cosine functions (slope corrections)
are removed, the above 2D SWE equations reduce to the clear-water equations utilized in
HEC-RAS.
When simulating hyperconcentratedted flows, the longitudinal and transverse components
of the turbulent eddy viscosity are computed with the shear velocity from total shear stress
(i.e. 𝑢𝑢∗ = �𝜏𝜏/𝜌𝜌𝑚𝑚 ). There is no existing research on the appropriate values for the turbulence
coefficients for hyperconcentratedted flows. However, testing has shown that using similar
values to those for clear-water produce reasonable results. This is a subject which requires
further research. The current guidance is to start with “clear-water” values for the
turbulence coefficients and calibrate them as best as possible with measurements.

2D Diffusion Wave Equation
HEC-RAS also includes a simplified, unsteady, hydrodynamic model, which replaces
momentum with the Diffusive-Wave Equation (DWE):

𝜕𝜕𝜕𝜕
+ ∇ ∙ (𝛽𝛽∇𝜂𝜂) = 𝑞𝑞
𝜕𝜕𝜕𝜕

where 𝛽𝛽 is a non-linear “diffusion” coefficient which is a function of the bottom friction and
non-Newtonian stress

in which

𝛽𝛽 = cos1/2 𝜓𝜓cos𝜑𝜑

𝐾𝐾 ℎ
𝐴𝐴 |∇𝜂𝜂|1/2

𝐾𝐾
𝑛𝑛2
𝜏𝜏𝑀𝑀𝑀𝑀
=�
+
�
4/3
𝐴𝐴
(𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅)
𝛾𝛾𝑚𝑚 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅|𝑉𝑉|2

−1/2

In the above equations, 𝐾𝐾 is the conveyance, and 𝐴𝐴 is the vertical area. The diffusion
equation has been modified for steep slopes following an approach similar to that of
Hergarten and Robl (2015). Again, it is noted that when the non-Newtonian stress is equal
to zero and the cosine functions (slope corrections) are removed, the above DWE equation
reduce to the clear-water equations utilized in HEC-RAS.
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For many of the types of non-Newtonian flows the DWE may not be applicable and in fact
most 2D non-Newtonian models are not based on the DWE. However, there are some types
of applications where the DWE model is useful and there are some examples in literature
such as Lin et al. (2011).

Classification of Non-Newtonian Flows
Non-Newtonian flows include several regimes, depending on the solid concentration of the
fluid and, for higher concentration mixtures, the grain size of the solids. It is helpful to
think of this classification as a hierarchy. In general, as concentration increases (and the
solid component coarsens) the fluid passes through five classifications:
1. Hyperconcentrated Flow
2. Mud and debris flow
3. Clastic Flow

Dividing a continuum into a classification imposes artificial boundaries and mathematical
discontinuities. Non-Newtonian flows are complicated because they do not form a
continuum on a single axis. These classifications are somewhat arbitrary and the
terminology in the non-Newtonian literature

The four classes of non-Newtonian flows in the Debris library, the criteria used to separate
them, and the model used to simulate them are summarized in Table 2-1 and Figure 2-1.

Table 2-1: Non-Newtonian flow classifications, thresholds, and the model used to
simulate them.
Classification

Model

Condition

Hyperconcentrated

Bingham

Cv>30%

Mud and Debris Flow

Turbulent- Quadratic

Cv>60%

Herschel-Bulkley
Snow Avalanche

Voellmy

Clastic

Mohr-Coulomb

Ns>0.1
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Figure 2-1: Classification, processes, conceptual model, and rheological model of the
four non-Newtonian flow types in the Debris Library.

Hyperconcentrated Flows
When fine sediment concentrations (by volume) rise above about 30%, (Rickenmann, 1992)
the viscosity of the mixture increases enough that the viscosity of water is no longer an
appropriate approximation. The Debris library models Hyperconcentrated flows with a
Bingham Plastic model.
The Bingham Plastic model has a linear stress-strain relationship like the Newtonian model,
but it diverges from Newtonian assumptions in two ways. First, the Bingham model includes
a yield stress. The yield stress (τy) introduces a non-zero intercept in the stress-strain
relationship. In other words, there is a range of stress that does not deform the fluid (a
range of stresses that do not induce strain). Second, while the Bingham stress-strain
relationship is linear it does not have the same slope as the Newtonian fluid. The viscosity
of the mixture (µm, which is higher than the viscosity of the fluid alone) dictates the slope of
the Hyperconcentrated stress-strain relationship.
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Figure 2-2: Comparison of the Bingham Plastic model with the standard Newtonian
Assumptions.

Mud and Debris Flows
As concentration increases (Cv>60%), stress-strain relationship starts to depart from the
linear, Bingham approximations. Non-Linear stress-strain relationships can be “dilatant”
(stress rises faster than strain) or “pseudoplastic” (where strain increases faster than
stress). Both mudflows and grain flows are dilatant. The Debris Library models both
mudflows and grain flow stress as second order relationships with strain (τ= 𝑓𝑓(𝛾𝛾̇ )2 )), making
these models “quadratic-dilatant” (Figure 2-3).

Figure 2-3: Quadratic dilatant stress-strain model applied to mudflows and grain flows
(i.e. volumetric concentrations greater than 60%).
Both mudflows and grain flows have volumetric concentrations greater than 60%. At these
concentrations, particle interactions become important (though they are more important for
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coarser particles) but the fluid is still the dominant phase, transporting the solids. These
high concentration flows are distinguished primarily by the grain size of the transported
materials and the grain interactions during the transport process. Both used the secondorder (quadratic), dilatant, rheological model (Figure 2-3), but they include different second
order terms in this relationship.
Mudflows (or turbidity currents) transport high concentrations of fine grain material. The
influences of grain-to-grain collisions are not as important with these finer materials.
However, at very high concentrations (Cv>60%), inter-particle turbulence introduces nonlinearity into the stress-strain relationship. So, in addition to the yield and (linear) viscous
shears from the hyperconentrated flows, mudflows add a non-linear turbulent shear.
Grain flows occur at the same volumetric concentrations as mudflows (Cv>60%), but
transport coarser sediment. Therefore, the stress-strain relationship has to account for
particle collisions, in addition to the viscous and turbulent processes. Therefore, mudflows
have the same quadratic rheological behavior as Mudflows (Figure 2-3) but add an
additional second order term, a dispersive stress, to the turbulent stress used for mudflows.
Debris flows have such high concentrations and, usually, large particles, that the particles
are in persistent contact. The particles are no longer primarily suspended by the fluid and
periodically collide. The coarse particle concentration is high enough that the fluid pushes
the sediment and other large “debris” (e.g. trees and infrastructure) over other particles.
Denlinger (2001) illustrates the main distinction between grain flows and debris flows in
Figure 2-4. Grain flow particles are still largely suspended, making them “collision
dominated” (Figure 2-4-left) while debris flows particles mostly maintain contact with each
other, making them “friction dominated” (Figure 2-4 – right). Persistent, inter-particle
friction dominates debris flow requires a geotechnical friction model. The Debris Library
uses a Mohr-Coulomb model (Figure 2-5) to simulate these friction dominated processes.

Figure 2-4: Conceptual model of the collision dominated grain flow (left) and the friction
dominated debris flow (right) from Iverson and Denlinger (2001).
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Figure 2-5: Mohr-Coulomb model used to simulate friction dominated,
debris flows.
Landslides cap the upper end of the debris flow continuum. At low enough water contents
and high enough volumetric solid concentrations, flow models are no longer appropriate.
These events are gravity dominated, occur more rapidly, and require geotechnical failure
models.

Rheological Models
Rheology is the study of mechanical properties and flow of matter, specifically nonNewtonian fluids, mixtures, and plastic solids.

Bingham
The Bingham (Bingham 1922) model is one of the simplest of the rheological models. It

𝜏𝜏𝑀𝑀𝑀𝑀 = 𝜏𝜏𝑦𝑦 + 𝜏𝜏𝑣𝑣
𝜏𝜏𝑣𝑣 = 𝜇𝜇𝑚𝑚 𝛾𝛾̇

where 𝜏𝜏𝑦𝑦 is the yield stress, 𝜏𝜏𝑣𝑣 is the viscous stress, 𝜇𝜇𝑚𝑚 is the mixture dynamic viscosity, and 𝛾𝛾̇ is the shear rate.

This model has a linear stress-strain relationship, with a non-zero intercept. Therefore, 𝜏𝜏𝑦𝑦 and 𝜏𝜏𝑣𝑣 represent the
intercept and the slope respectively of the stress-strain relationship. For stresses less than the yield
stress the fluid behaves as a solid. The Bingham model is useful for simulating mudflows under low shear
rates in which the yield and viscous stresses depend on the cohesion of fine sediments (Govier
and Aziz 1982; Julien 1995; Julien and Leon 2000). However, the Bingham model has also
been a practical model for use in simulating debris flows (Huang and Dai, 2014; Dai et al.,
2014).
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Quadratic
The so called Quadratic model was proposed by O’Brien and Julien (1985) and combines stresses due to: (1)
cohesion, (2) internal friction between sediment and fluid, (3) turbulence, and (4) inertial impact between
particles. The quadratic model may be written as

𝜏𝜏𝑀𝑀𝑀𝑀 = 𝜏𝜏𝑦𝑦 + 𝜏𝜏𝑣𝑣 + 𝜏𝜏𝑑𝑑
𝜏𝜏𝑣𝑣 = 𝜇𝜇𝑚𝑚 𝛾𝛾̇

𝜏𝜏𝑑𝑑 = 𝑐𝑐𝐵𝐵𝐵𝐵 𝜌𝜌𝑠𝑠 𝜆𝜆2 𝑑𝑑2𝑠𝑠 𝛾𝛾̇

2

where 𝜏𝜏𝑑𝑑 is the dispersive stress, 𝑐𝑐𝐵𝐵𝐵𝐵 is an empirical coefficient, 𝜌𝜌𝑠𝑠 is the sediment particle

density, 𝑑𝑑𝑠𝑠 is a representative particle diameter, and 𝜆𝜆 is the linear sediment concentration.
The dispersive stress was originally proposed by Bagnold (1954). Bagnold (1954) and
Takahashi (1980) proposed 𝑐𝑐𝐵𝐵𝐵𝐵 = 0.01. The linear sediment concentration 𝜆𝜆 is defined by
(Bagnold 1954)
1
𝜆𝜆

=�

1
𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 �3

𝐶𝐶𝑣𝑣

�

−1

in which 𝐶𝐶𝑣𝑣 is the sediment concentration by volume and 𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum sediment
concentration. An example of the dispersive stress as a function of concentration and shear
rate is shown in the figure below. The formulation shows a sharp increase as the
concentration approaches the maximum concentration.
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Figure 2-6: Dispersive stress based on Bagnold (1954) with 𝑑𝑑𝑠𝑠 = 30 mm and 𝑐𝑐𝐵𝐵𝐵𝐵 = 0.01.

Herschel-Bulkley

In the Bingham rheological resistance model, the relationship between shear rate and shear
stress is linear. However experiment have shown that debris-flow mixtures can have nonlinear relationships (Major and Pierson 1992; Jeffrey et al. 2001). A more general model
which allows for this nonlinearity is the Herschel-Bulkley (HB) model:

𝜏𝜏𝑀𝑀𝑀𝑀 = 𝜏𝜏𝑦𝑦 + 𝜏𝜏𝑣𝑣
𝑛𝑛

𝜏𝜏𝑣𝑣 = 𝐾𝐾𝛾𝛾̇

where 𝐾𝐾 is the consistency factor or index, and 𝑛𝑛 is the power index or exponent. When 𝑛𝑛 <
1 the fluid/mixture is shear-thinning and when 𝑛𝑛 > 1 the fluid/mixture is shear thickening.
The as with other rheological models, when the stress is less than the yield stress, the
fluid/mixture behaves as a solid. One issue with the HB model is that the consistency factor
as dimensional units which are a function of the power index. This makes estimating the
parameter somewhat difficult. The HB model has been shown to work well for suspensions
of fine sediments under high shear rates (Govier and Aziz, 1982).
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Voellmy
The Voellmy resistance model combines a yield stress with a viscous/turbulent stress as
(Voellmy 1955)

𝜏𝜏𝑀𝑀𝑀𝑀 = 𝜏𝜏𝑦𝑦 + 𝜏𝜏𝑣𝑣𝑣𝑣
𝜏𝜏𝑣𝑣𝑣𝑣 =

𝜌𝜌𝑚𝑚 𝑔𝑔|𝑉𝑉|2
𝜉𝜉

where 𝜉𝜉 is the Voellmy turbulence coefficient. Voellmy original proposed the formulation to
simulate snow avalanches but it has since also been applied to simulate mud slides, debris
flows, and rock avalanches (e.g. Hergarten and Robl 2015; Hungr and Mcdougall 2009;
Körner 1976; Perla et al. 1980; Rickenmann and Koch 1997; Hussin et al. 2012). The
Voellmy coefficient 𝜉𝜉 is similar to a Chezy coefficient and has units of L/T2. Common ranges
for the coefficient are from 150 to 600 m/s2. In the Voellmy model, the yield stress is
typically computed with the Mohr-Coulomb yield stress with the cohesion set to zero.

Yield Stress
A Bingham plastic can absorb some stress without deforming the material. Deformation
(strain) only occurs after stress exceeds a minimum threshold. That minimum threshold
required before stress causes strain, is the yield stress (𝜏𝜏𝑦𝑦 ), which is the intercept of the
stress-strain relationship. HEC-RAS provides three methods for yield stress:
1. User-specified constant
2. Exponential formulation
3. Mohr-Coulomb formula

Exponential
A widely used formula to estimate the yield stress is the exponential formulation (Chien and
Ma 1958; Dai et al. 1980; O’Brien and Julien 1988)

𝜏𝜏𝑦𝑦 = 𝑎𝑎𝑒𝑒𝑏𝑏𝐶𝐶𝑣𝑣
where 𝑎𝑎 and 𝑏𝑏 are calibration coefficients, and 𝐶𝐶𝑣𝑣 volumetric concentration between 0 and 1.
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Table 2-2: Yield stress parameters for the Exponential equation from Julian (1995)
Material

a (Pa)

b

“Typical soil”

0.005

7.5

Kaolinite

0.05

9

Sensitive Clays

0.03

10

0.002

100

Bentonite

The exponential equation works relatively well for hyperconcentrated flows with
concentrations between 5% and 30%. However, for high concentrations or very low
concentrations the formulation does not work as well. For example a zero concentration
produces a yield stress equal to the coefficient 𝑎𝑎 and does not go to zero as it should
theoretically.

Mohr-Coulomb
The Mohr-Coulomb yield stress model is given by

𝜏𝜏𝑦𝑦 = 𝑐𝑐 + 𝜇𝜇𝜇𝜇

𝜎𝜎 = (𝜌𝜌𝑚𝑚 − 𝜌𝜌𝑤𝑤 )𝑔𝑔ℎcos2 𝜃𝜃
𝜇𝜇 = tan𝜙𝜙

where 𝑐𝑐 is the cohesion or cohesive strength, 𝜇𝜇 is the Coulomb friction coefficient, 𝜎𝜎 is the
normal stress at the bottom of the mixture, 𝜃𝜃 is the bed slope angle, ℎ is the vertical flow
depth, and 𝜙𝜙 is the internal friction angle. The normal stress is computed assuming the flow
is parallel to the bed as in Hergarten and Robl (2015). In addition the mixture is assumed to
be fully saturated. The internal friction angle depends on mixture but its values are typically
between 2.5º and 15º.

Mixture Density
The density of the water-sediment mixture is calculated with the following constitutive
equation:

𝜌𝜌𝑚𝑚 = 𝜌𝜌𝑤𝑤 + (𝜌𝜌𝑠𝑠 − 𝜌𝜌𝑤𝑤 )𝐶𝐶𝑣𝑣

xliv

Appendix C- HEC-RAS Output Variables
where 𝜌𝜌𝑤𝑤 is the water density, 𝜌𝜌𝑠𝑠 is the particle density, and 𝐶𝐶𝑣𝑣 volumetric concentration
between 0 and 1. The above equation assumes that all of the voids between the particles
are occupied water and that there is no air in the mixture.

Mixture Dynamic Viscosity
Sediment increases the viscosity of the flow mixture. There are many empirical and semiempirical equations in literature to compute the viscosity of the mixture. HEC-RAS provides
four ways of specifying the dynamic viscosity:
1.
2.
3.
4.

User-specified constant
User-specified ratio or relative viscosity
Exponential
Maron and Pierce (1956)

A comparison of the exponential (O’Brien et al., 1993) and Maron and Pierce (1956)
formulas is shown in the figure below.
4

w

)

10

/

Maron and Pierce (1959)

m

Exponential
10

Relative Dynamic Viscosity (
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Figure 2-7: Dynamic viscosity based on the Maron and Pierce (1956) and O’Brien et al. (1993)
formulas (β = 6).

Ratio
The ratio method in HEC-RAS basically specifies the relative dynamic viscosity. HEC-RAS
computes the dynamic viscosity of the mixture as the water viscosity times the userspecified ratio. The water viscosity is computed internally based on the water temperature.
The figure below shows the water dynamic viscosity as a function of temperature. Since the
ratio is held constant and does not change with concentration or any other factors, the
method is only recommended for simulations with constant concentration.
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Figure 2-8: Water dynamic viscosity based on the table provided by Venard and Street (1975).

Exponential
A commonly used formulation for the mixture dynamic viscosity is the exponential
expression (Chien and Ma 1958; Dai et al. 1980; O’Brien and Julien 1988). The formula is
usually written as a two-parameter expression. However, here a simpler form is adopted to
compute the relative dynamic viscosity as

𝜇𝜇𝑟𝑟 =

𝜇𝜇𝑚𝑚
𝜇𝜇𝑤𝑤

= 𝑒𝑒𝛽𝛽𝐶𝐶𝑣𝑣

where 𝜇𝜇𝑟𝑟 is the relative mixture dynamic viscosity, 𝜇𝜇𝑤𝑤 is the water dynamic viscosity, 𝜇𝜇𝑚𝑚 is

the mixture dynamic viscosity, 𝐶𝐶𝑣𝑣 is again the volume concentration, and 𝛽𝛽 is a coefficient fit
to observed data and provided by the user. The advantage of the above formulation is that
it only requires one empirical parameter and also satisfies the property 𝜇𝜇𝑟𝑟 = 1 for 𝐶𝐶𝑣𝑣 = 0. In
addition, by using the relative dynamic viscosity, the formula automatically takes into
account the variation in water viscosity due to temperature. The variability in the coefficient
𝛽𝛽 accounts for the effects of particle size distribution and, in particular, the cohesion of the
sediment. One limitation of the formula however is that the viscosity tends to be
underestimated as the concentration reaches the maximum concentration.
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Table 2-3: Sediment laden viscosity parameters for the Exponetial equation from Julien
(1995)
Material

β

“Typical soil”

8

Kaolinite

8

Sensitive Clays

5

Bentonite

100

Maron and Pierce
Maron and Pierce (1956) proposed the following simple empirical expression for the relative
dynamic viscosity

𝜇𝜇𝑟𝑟 =

𝜇𝜇𝑚𝑚
𝜇𝜇𝑤𝑤

= �1 −

𝐶𝐶𝑣𝑣

𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚

�

−2

where 𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum concentration by volume (maximum packing volume fraction).
The maximum concentration is the concentration where enough particles have been added
for the mixture to behave as a solid. Li (2004) and Guazzelli and Pouliquen (2018)
compared various experimental datasets of viscosities of suspensions and found that the
above formulation fits a wide range of experiments relatively well for a wide range of
concentrations. Another advantage of the formulation has the advantage is that it does not
require additional calibration parameters as does the O’Brien equation. The formulation is a
function of the maximum concentration; however this variable is a physical property of
mixture which can be more readily measures or estimated and does not have such a large
range of values as does the 𝛽𝛽 coefficient in the O’Brien formulation. The maximum
concentration is a function of the sediment size distribution, particle deformability, and the
local flow conditions. In practice however, an approximate maximum concentration may be
estimated as 𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = 1 − 𝑝𝑝′𝑚𝑚 in which 𝑝𝑝′𝑚𝑚 is the bed porosity. An example of the maximum
concentration calculated from the proposed formula for bed porosity by Wooster et al.
(2008) is shown in the Figure below. Natural sediments typically have porosities between
0.3 and 0.46.
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Figure 2-9: Maximum concentration as a function of the geometric standard deviation (based on the porosity equation
by Wooster et al. (2008).

Shear Rate
The shear rate is an important variable which is utilized in the rheological models. Vertically
averaged models - such as those in HEC-RAS – make vertical velocity profile assumptions in
order to estimate a vertically averaged shear rate.
The two options in HEC-RAS include:
(1) Linear (e.g. Bird et al. 1960), and
(2) Parabolic (e.g. Julien 1995; Iverson and Denlinger 2001).
The general formula is:

𝛾𝛾̇ =

𝐵𝐵|𝑉𝑉|

ℎcos𝜑𝜑cos𝜓𝜓

Current versions of HEC-RAS simplify this to:

𝛾𝛾̇ =

3|𝑉𝑉|
ℎ

where |𝑉𝑉| is the current velocity magnitude, ℎ is the flow depth, 𝜑𝜑 is the water surface
slope, and 𝜓𝜓 is the inclination angle of the current velocity direction. The coefficient 𝐵𝐵 is
equal to 2 and 3 for the linear and parabolic profiles, respectively. The parabolic velocity
profile was original used in the Quadratic model (O’Brien and Julien 1985). The Voellmy
model does not require a shear rate and only utilizes the average velocity for the turbulentdispersive stress.
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